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Abstract The authors study the problem of the small
oscillations of a system viscous liquid- barotropic gas
in a fixed container. From the equations of motion and
using two auxiliary problems, they reduce the problem
to a system of two operatorial equations in a
suitable hilbertian space. By means of the methods
of the functional analysis, they prove the existence of
the spectrum and study its properties.
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1 Introduction
The problem of the small oscillations of an incom-
pressible inviscid liquid in a container by means of the
methods of the functional analysis was a subject of a
pioneering work by Moiseyev [1] and has been
extensively studied afterwards. We can find these
works in the books [2–4]. The more difficult case of
the viscous fluid has been also the subject of many
papers, see [5].
The problem of the small oscillations of a system
homogeneous inviscid liquid–gas has been studied in
the work [6], that is presented in the book [3], but with
simplified equations for the gas. The case of hetero-
geneous inviscid liquid with the general equations for
the gas was treated in [7].
In this work, the authors study the problem of the
small oscillations of a system viscous liquid-baro-
tropic gas.
At first, they obtain the equations of motion of the
system, using the general equations for the gas.
Introducing two auxiliary problems that generalize
the problems considered in [3, 6], they replace the
equations and the boundary conditions for the gas by
an operatorial equation and can reduce the problem to
two operatorial equations in a suitable hilbertian
space.
They prove the existence of the spectrum formed by
zero, that is an eigenvalue with infinite multeplicity
and by isolated eigenvalues, with real part positive, so
that the system is stable and they show that there exists
a set of positive real eigenvalues having zero as point
of accumulation.
Finally, they reduce the problem to a Krein–Langer
quadratic pencil [8], so that the non real eigenvalues
can have as only one point of accumulation: the
infinity.
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2 Position of the problem
In the equilibrium position, the viscous liquid (resp.
the gas) occupies a domain X (resp. X0) bounded by a
part R (resp. R0) of the wall of the container and by
horizontal interface C; the equation of which with
respect to the orthogonal axes Ox1x2x3 ðOx3 vertical
directed upwards) is x3 ¼ 0:
Their position at the instant t is modified by the
index t, example Ct:
We denote by g the constant acceleration due to the
gravity.
We want to study the small oscillations of this
system about its equilibrium position, obviously in
linear theory.
3 Equations of motion
3.1 Viscous liquid
Let x3 be the unit vector in the x3 direction, vertical
upwards.
If q is the constant density of the liquid , and Pe its
pressure in equilibrium position,
Pe ¼ q g x3;
we denote by l its constant viscosity coefficient, p ¼
P  Pe the dynamic pressure (the difference between
the pressure P and Pe) and uðx1; x2; x3; tÞ the (small)
displacement of a particle of the liquid with respect to
its equilibrium position, the equations of motion are:
q €u ¼ grad pþ l D _u;
ðNavier Stokes equationÞ in X;
div _u ¼ 0 ðincompressibilityÞ in X;
ð1Þ
or, after integration between the datum of the equilib-
rium and t:
div u ¼ 0 in X; ð2Þ
and the kinematic condition on R
ujR ¼ 0: ð3Þ
3.2 Gas
If q0ðx1; x2; x3; tÞ and p0ðx1; x2; x3; tÞ are the density
and the pressure of the gas, we have the state equation
p0 ¼ Pðq0Þ ð4Þ
where P is a given smooth increasing function.
The density q0 and the pressure p0 in the equilib-
rium position must verify the Eq. (4) and the equilib-
rium equation
1
q0
grad p0 ¼ g x3;
so that q0 and p0 are function of x3 with
dp0
dx3
¼ q0ðx3Þg
or, if p0ð0Þ ¼ 0;
p0ðx3Þ ¼ 
Z x3
0
q0ðwÞg dw:
The equations of the motion of the gas are (4) and, if
u0ðx1; x2; x3; tÞ is the (small) displacement of a particle
with respect to its equilibrium position,
q0 €u0 ¼ q0 g x3  grad p0ðEuler0s equationÞ;
ð5Þ
oq0
ot
þ div ðq0 _u0Þ ¼ 0 ðcontinuity equationÞ: ð6Þ
The kinematic conditions on R0 are, after integration,
u0  njR0 ¼ 0; ð7Þ
un0jC ¼ unjC ¼ 0; ð8Þ
where n is the unit vector normal to C; directed
upwards.
Since the volumes of the liquid and of the gas are
constant, we get:
Z
C
unjC dC ¼ 0 ;
Z
C
u0njC dC ¼ 0: ð9Þ
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3.3 Boundary conditions on the moving interface
Ct
If we denote by rij (resp.eij) the stress (resp.strain)
tensor of the viscous liquid, we must have
rijnj ¼ p0ni on Ct;
or, if P ¼ qgx3 þ pþ    is the pressure of the
liquid,
ðPdij þ 2l eijÞnj ¼ p0ni on Ct:
Introducing the dynamic pressure p^0 of the gas by
p0 ¼ p0ðx3Þþ p^0þ    ¼
Z x3
0
q0ðwÞg dwþ p^0þ   ;
we obtain

Z x3
0
q0ðwÞg dwþ p^jC þ qg unjC  pjC
 
ni
þ 2l eijnj ¼ 0 on C
and, consequently,
e13jC ¼ 0; e23jC ¼ 0; ð10Þ
p^0jC  pjC þ ðq q0ð0ÞÞg unjC þ 2l e33jC ¼ 0:
ð11Þ
3.4 Transformation of the equations of the motion
of the gas
We set, besides p0 ¼ p0ðx3Þ þ p^0ðx1; x2; x3; tÞ þ    ;
q0 ¼ q0ðx3Þ þ q^0ðx1; x2; x3; tÞ þ    ;
where p^0 and q^

0 are of the first order with respect to
amplitude of the oscillations; we use the method
presented in ([9], pp. 62–64).
From (4) and (6) and setting classically c20ðx3Þ ¼
P
0 ðq0ðx3ÞÞ; we obtain
q^0 ¼ div q0ðx3Þu0ð Þ;
p^0 ¼ c20ðx3Þ div q0ðx3Þu0½ 
ð12Þ
and, using the Euler’s equation (5),
€u0 ¼ grad c
2
0ðx3Þ
q0ðx3Þ
div½q0ðx3Þu0
 
: ð13Þ
In conditions of the Lagrange’s theorem, we introduce
the displacement potential u0 defined by
u0 ¼ grad u0
so the (13) can be rewritten
€u0 ¼
c20ðx3Þ
q0ðx3Þ
div q0ðx3Þgrad u0½  þ CðtÞ:
So, we have
Z
X0
q0c
2
0 €u0 dX0 ¼
Z
X0
divðq0 grad u0Þ dX0
þ CðtÞ
Z
X0
q0c
2
0 dX0:
From the Green formula and (7), (9), we have
Z
X0
divðq0 grad u0Þ dX0 ¼ 0
and then
Z
X0
q0c
2
0 €u0 dX0 ¼ CðtÞ
Z
X0
q0c
2
0 dX0;
u0 being determined up to an additional function of t;
we can suppose that
u0 2H1X0ðX0Þ ¼
z}|{def
u0 2H1ðX0Þ;
Z
X0
q0c
2
0 u0 dX0¼ 0
 
:
Then CðtÞ¼ 0 and the equations of motion of the gas
take the form
€u0 ¼
c20
q0
div q0ðx3Þgrad u0½ ; ð14Þ
ou0
on
jR0 ¼ 0 ;
ou0
on
jC ¼ unjC: ð15Þ
Besides, we have, using (12):
p^0 ¼ q0 €u0
and the dynamic condition (11) can be rewritten
pjC¼ðqq0ð0ÞÞg unjCþ PC 2l e33jCq0ð0Þ €u0jC½ ;
ð16Þ
where PC is the orthogonal projector of L2ðCÞ on
~L2ðCÞ ¼ f 2 L2ðCÞ; RC f dC ¼ 0
 
:
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4 An operatorial equation for the viscous liquid
4.1 Variational equation
Let ~uðx1; x2; x3Þ be a smooth function defined inX and
satisfying div ~u ¼ 0 and ~ujR ¼ 0 and ~u its conjugate.
From the Eq. (1), multipling by ~u; we haveZ
X
q €u  ~u dX¼
Z
X
grad p  ~u dXþ l
Z
X
D _u  ~u dX:
Using the Green formula for the vectorial laplacian
formula ([3], p. 128), we get
Z
X
q €u  ~u dX ¼ 2l
Z
X
eijð _uÞ  eijð~uÞ dX
þ
Z
C
ð2l e33  pjCÞ~unjCdC
and taking into account (16), the variational equation
of the problem is:
Z
X
q €u  ~u dXþ2l
Z
X
eijð _uÞ  eijð~uÞ dX
þ
Z
C
ðqq0ð0ÞÞgunjCPCq0ð0Þ €u0jC½ ~unjCdC¼ 0;
8 ~u admissible: ð17Þ
4.2 Operatorial equation
We seek u in the space
J 10;RðXÞ¼ u2H1ðXÞ ¼
z}|{def
H1ðXÞ 	3; div u¼ 0; ujR¼ 0
( )
;
equipped with the scalar product
u; ~uð Þ1¼
Z
X
2eijðuÞ  eijð~uÞ dX
and we introduce the space
J 0;RðXÞ ¼ u 2 L2ðXÞ ¼z}|{
def
L2ðXÞ 	3; div u ¼ 0; unjR ¼ 0
( )
;
equipped with the scalar product of L2ðXÞ: For the
meaning of the differential operators, we refer to ([3],
n. 22).
It is well-known that the embedding J 10;RðXÞ 
J 0;RðXÞ is continuous, dense and compact, see [3]. Let
A be the unbounded operator of J 0;RðXÞ associated to
the pair ðJ 10;RðXÞ;J 0;RðXÞÞ and to the scalar product
u; ~uð Þ1:
We remark that, for each n 2 ~L2ðCÞ; using a
classical trace theorem in H1ðXÞ :
Z
C
n ~unjC dC









 cjjnjj~L2ðCÞjj~ujj1;
so that there exists a bounded operator T from ~L2ðCÞ
into J 10;RðXÞ such asZ
C
n ~unjC dC ¼ Tn; ~uð Þ1:
Then, the variational Eq. (17) takes the form, setting
m ¼ lq ;Z
X
€u  ~u dXþ mð _u; ~uÞ1 þ
1
q
T ðq q0ð0ÞÞg unjC½ð
 PCq0ð0Þ €u0jC; ~uÞ1¼ 0; 8 u 2 J 10;RðXÞ:
We can replace it ([10], pp. 10–12) by the following:
the operatorial equation is:
€uþ mA _uþ 1
q
A T ðq q0ð0ÞÞg unjC  q0ð0ÞPC €u0jC½ 
¼ 0; 8u 2 J 10;RðXÞ: ð18Þ
5 Equations of the small oscillations of the system
5.1 Solutions
We seek the solutions of the Eqs. (14), (15) and (18)
that depend on time according to the law uðx; tÞ ¼
ektuðxÞ; u0ðx; tÞ ¼ ektu0ðxÞ; k 2 C: We obtain
k2u kmAuþ 1
q
A T ðq q0ð0ÞÞg unjC½
 k2q0ð0ÞPCu0jC
	 ¼ 0;
ð19Þ
k2u0 ¼
c20
q0
div q0 grad u0½ ; ð20Þ
ou0
one
jR0 ¼ 0 ;
ou0
one
jC ¼ u3jCZ
X0
q0c
2
0 u0dX0 ¼ 0
 
;
ð21Þ
3264 Meccanica (2017) 52:3261–3270
123
where ne is the unit vector normal to the boundary of
X0; directed to the exterior of X0:
5.2 Auxiliary problems
We are going to replace the equations for u0; (20) and
(21), by a single operatorial equation, using two
auxiliary problems generalizing problems considered
in [3].
5.2.1 Problem I
Let u3 2 ~L2ðCÞ: We shall find U01 2 H1X0ðX0Þ; gener-
alized solution of the Neuman problem,
div q0 grad U01½  ¼ 0 in X0;
oU01
on
jR0 ¼ 0;
oU01
on
jC ¼ u3:
It is easy to see that the variational formulation of
this problem is
Z
X0
q0 grad U01  grad ~U01 dX0
¼ 
Z
C
q0ð0Þ ~U01u3 dC; 8 ~U01 2 H1X0ðX0Þ:
ð22Þ
As the left-hand side is classically a scalar product in
H1X0ðX0Þ; the problem has only one solution by the
Lax–Milgram theorem.
Therefore, we can set
U01 ¼ T0u3; ð23Þ
where T0 is a bounded operator from ~L
2ðCÞ into
H1X0ðX0Þ:
If c0 is the trace operator from H
1ðX0Þ into L2ðCÞ;
we have
U01jC ¼ c0T0u3:
Now, let ~U01 be the solution of the Problem I for the
datum ~u3 2 ~L2ðCÞ; then we have easilyZ
X0
q0 grad U01  grad ~U01 dX0 ¼

Z
C
q0ð0Þu3PCðc0T0~u3Þ dC:
Now, we introduce
C0 ¼ q0ð0ÞPCc0T0; ð24Þ
which is an operator from ~L2ðCÞ into ~L2ðCÞ. It is easy
to see that C0 is self-adjoint, positive definite and, like
c0; compact.
5.2.2 Problem II
Let f be an element of the space
L2X0ðX0Þ ¼
z}|{def
f 2 L2ðX0Þ;
Z
X0
q0c
2
0 fdX0 ¼ 0
 
;
equipped with the scalar product
ðf ; ~f ÞL2X0 ðX0Þ ¼
Z
X0
q0c
2
0 f
~f dX0:
To find U02 2 H1X0ðX0Þ; generalized solution of the
Neuman problem,
 div q0 grad U02½  ¼ q0c20 f in X0;
oU02
one
jCþR0 ¼ 0;
the variational formulation of this problem is

Z
X0
divðq0 gradU02Þ  grad ~U02 dX0
¼
Z
X0
q0c
2
0 f
~U02 dX0; 8 ~U02 2 H1X0ðX0Þ ;
ð25Þ
and the problem has only one solution by the Lax–
Milgram theorem.
The embedding H1X0ðX0Þ  L2X0ðX0Þ is classically
continuous, dense and compact.
Let us call A0 the unbounded operator of L
2
X0
ðX0Þ
associated to the pair ðH1X0ðX0Þ; L2X0ðX0ÞÞ and to the
scalar product
U02; ~U02
 
H1X0
ðX0Þ¼
Z
X0
q0 gradU02  grad ~U02 dX0:
The Eq. (25) can be rewritten
U02; ~U02
 
H1X0
ðX0Þ¼ f ; ~U02
 
L2X0
ðX0Þ; 8 ~U02 2 H
1
X0ðX0Þ;
so that we have
A0U02 ¼ f or U02 ¼ A10 f : ð26Þ
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5.2.3 General solution
From (23) and (26), the solution of the Eqs. (20) and
(21) is
u0 ¼ U01 þ U02;
taking u3 ¼ unjC and f ¼ k2u0:
Moreover,
U02 ¼A10 f ¼ k2A10 u0
¼  k2A10 ðT0u3  U02Þ;
and applying A10 :
f ¼ k2ðT0u3 þ A10 f Þ; ð27Þ
that is an unique equation replacing the Eqs. (20), (21)
for the gas.
5.3 Small oscillations
Let us calculate the term PCu0jC ¼ PCc0u0 of the
Eq. (19). We obtain easily
q0ð0ÞPCc0jC ¼ q0ð0ÞPCc0 Tu3 þ A1f
 	
¼ C0u3  q0ð0ÞPCc0A10 f ;
where C0 is defined in (24). We introduce also cn the
normal trace operator from H1ðXÞ into
L2ðCÞ : u3 ¼ unjC ¼ cnu:
Therefore, the equations of the small oscillation of
the system (19) and (27) become the following for the
unknown u and f :
k2u mkAuþ 1
q
AT ðq q0ð0ÞÞg cnu½
þ k2ðC0cnu q0ð0ÞPCc0A10 f Þ
	 ¼ 0;
ð28Þ
f þk2ðT0cnuþA10 f Þ¼ 0;u2J 10;RðXÞ; f 2 L2X0ðX0Þ:
ð29Þ
We get equations the equations with bounded coeffi-
cient, by setting
u ¼ A1=2U ; U 2 J 10;RðXÞ
and by applying A1=2 to the Eq. (28). We obtain
k2A1 U  mk U þ q q0ð0Þ
q
gA1=2TcnA
1=2 U
þ 1
q
k2A1=2TC0cnA
1=2 U
 q0ð0Þ
q
k2A1=2TPCc0A10 f ¼ 0;
ð30Þ
k2T0cnA
1=2 U þ k2A10 f þ f ¼ 0;
U 2 J 10;RðXÞ; f 2 L2X0ðX0Þ:
ð31Þ
5.4 Properties of the operators
(a) The operators cnA
1=2 (from J 10;RðXÞ into ~L2ðCÞÞ
and A1=2T (from ~L2ðCÞÞ into J 10;RðXÞ) are mutually
adjoint and compact.
We have, by definition of T:
ðn; cnuÞ~L2ðCÞ ¼ ðTn; uÞ1
and then
ðn; cnuÞ~L2ðCÞ ¼ ðA1=2Tn;A1=2uÞJ 0;RðXÞ
or ðn; cnA1=2UÞ~L2ðCÞ ¼ ðA1=2Tn;UÞJ 0;RðXÞ:
On the other hand, since cn is compact, also cnA
1=2 is
and, by Schauder theorem, A1=2T is compact.
(b) The operators T0 (from ~L
2ðCÞ into L2X0ðX0ÞÞ and
q0ð0ÞPCc0A10 (from L2X0ðX0Þ into ~L2ðCÞ) are mutu-
ally adjoint and compact. We have
ðT0u3; f ÞL2X0 ðX0Þ ¼ðU01;A0U02ÞL2X0 ðX0Þ
¼ ðU01;U02ÞH1X0 ðX0Þ;
ðu3;q0ð0ÞPCc0A10 f Þ~L2ðCÞ ¼ 
Z
C
q0ð0Þu3U02jCdC:
But we have ~U01 corresponding to the datum ~u3 of the
problem I:
Z
X0
gradU01 grad ~U01 dX0¼
Z
C
q0ð0Þu3PCc0T0~u3 dC:
Replacing ~U01 arbitrary in H1X0ðX0Þ by U02 and then
T0~u3 by U02; we obtain
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Z
X0
q0 grad U01  grad U02 dX0
¼
Z
C
q0ð0Þu3PCc0 U02dC ¼ 
Z
C
q0ð0Þu3 U02jC dC;
or ðU01;U02ÞH1X0 ðX0Þ ¼ 
Z
C
q0ð0Þu3 U02jC dC;
or, finally,
ðT0u3; f ÞL2X0 ðX0Þ ¼ ðu3;q0ð0ÞPCc0A
1
0 f Þ~L2ðCÞ;
the compactness of all operators is a consequence of
the compactness of c0 and the Schauder theorem.
(c) From the precedent results it follows that the
operators
K ¼ q0ð0ÞA1=2TPCc0A10 ð32Þ
(from L2X0ðX0Þ into J 0;RðXÞÞ and T0cnA1=2 (from
J 0;RðXÞÞ into L2X0ðX0ÞÞ are mutually adjoint and
compact.
5.5 Matricial form of the equations
We set
y ¼ U
f
 
2 H ¼z}|{
def
J 0;RðXÞ  L2X0ðX0Þ; ð33Þ
the Eq. (30), multiplied by q; and (31) can be
rewritten:
k2
qA1þA1=2TC0cnA1=2 K
T0cnA
1=2 A10
 !(
 k l IJ 0;RðXÞ 0
0 0
 
:
þ
ðqq0ð0ÞÞgA1=2TcnA1=2 0
0 IL2X0 ðX0Þ
 !)
y¼ 0;
ð34Þ
where K is defined by (32).
6 First properties of the spectrum
6.1 Properties
Proposition 1 k ¼ 0 is an eigenvalue with infinite
multiplicity.
Proof Replacing k by 0 in the Eq. (34), we obtain
A1=2TcnA
1=2U ¼ 0; f ¼ 0:
If U 6¼ 0; we have
0 ¼ ðA1=2TcnA1=2U;UÞJ 0;RðXÞ
¼ cnA1=2U


 



 

2
~L2ðCÞ:
Then U 2 KerðcnA1=2Þ and the corresponding eigen-
space is formed by the elements
y ¼ U 2 KerðcnA
1=2Þ
f ¼ 0
 !
:
h
Proposition 2 The spectrum is symmetric with
respect to the real axis.
Proof The property of the spectrum is verified as the
coefficients in (34) are self-adjoint. h
6.2 Existence of the spectrum
Discarding k ¼ 0; we multiply the Eq. (34) by k1,
and we write the Eqs. (30), (31) in the form:
l IJ 0;RðXÞ 0
0 0
 
 k qA
1þA1=2TC0cnA1=2 K
0 0
 !(
 k1
ðqq0ð0ÞÞgA1=2TcnA1=2 0
0 IL2X0 ðX0Þ
 !
þ
 k 0 0
T0cnA
1=2 A10
 
y¼ 0:
As the operator
I ¼
l IJ 0;RðXÞ 0
0 IL2X0 ðX0Þ
 !
is self-adjoint and strongly positive, it has an inverse.
Setting
I 1=2y ¼ z 2 H;
where H is defined by (33), and applying I1; we
obtain
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LðzÞ ¼z}|{
def
IH kI1=2 qA
1þA1=2TC0cnA1=2 K
0 0
 !
I1=2
(
k1I1=2 ðqq0ð0ÞÞgA
1=2TcnA
1=2 0
0 0
 !
þk2I1=2 0 0
T0cnA
1=2 A10
 
I1=2

z¼ 0:
Except IH; all operators are compact and we have a
Fredholm pencil, (see [3], p. 66).
We are going to prove that this pencil is regular, see
[3], by showing that Lð1Þ has an inverse, where
Lð1Þ is the value of the operator L for k ¼ 1. We
can write,
Lð1ÞðzÞ; zð ÞH¼ jjzjj2H þ ðA0y; yÞH;
with
ðA0y;yÞH ¼qðA1U;UÞJ 0;R
þðqq0ð0ÞÞgðA1=2TcnA1=2U;UÞJ 0;R
þðA1=2TC0cnA1=2U;UÞJ 0;R þðA10 f ; f ÞL2X0 ðX0Þ
þ2RðT0cnA1=2U; f ÞL2X0 ðX0Þ:
We have:
ðA1U;UÞJ 0;R 	 0 ;
ðA1=2TcnA1=2U;UÞJ 0;R ¼







cnA1=2U








~L2ðCÞ
	 0
and
ðqq0ð0ÞÞgðA1=2TcnA1=2U;UÞJ 0;R þðA10 f ; f ÞL2X0 ðX0Þ
þ 2RðT0cnA1=2U; f ÞL2X0 ðX0Þ
¼







U01þU02







2
H1X0
ðX0Þ
	0;
where U01 and U02 are defined in (23) and (26),
respectively. Finally, we obtain
Lð1ÞðzÞ; zð ÞH 	 jjzjj2H; 8 z 2 H;
as Lð1Þ; self-adjoint and strongly positive, it has a
bounded inverse.
So, (see [3], p. 66), we have the following:
Theorem 3 The Fredholm pencil LtðzÞ is regular in
the domain Cnf0gnf1g: Its spectrum consists of
isolated points that are eignvalues and its
accumulation points may be only 0 and 1: All points
of the spectrum are eigenvalues. The eigenelements
have finite multiplicities. h
7 Stability of the system liquid–gas
We shall prove that the eigenvalues are located in the
half-plane Rk	 0:
The Eq. (34) divided by k takes the form
I 0  k A k1B
 
y ¼ 0 ð35Þ
with
I0 ¼
l IJ 0;RðXÞ 0
0 0
 
;
A ¼ qA
1 þ A1=2TC0cnA1=2 K
T0cnA
1=2 A10
 !
;
B ¼
ðq q0ð0ÞÞgA1=2cnA1=2 0
0 IL2X0 ðX0Þ
 !
;
A and B are self-adjoint, A is compact, but B is not.
Taking the scalar product by y in H; we deduce
ljjUjj2J 0;RðXÞ ¼ kðAy; yÞH þ k1ðBy; yÞH
and then
ljjUjj2J 0;RðXÞ ¼ Rk ðAy; yÞH þ
1
jkj2 ðBy; yÞH
" #
:
By direct calculations, we have
ðBy;yÞH ¼½qqð0Þg jjcnA1Ujj2L2ðCÞ þ jjf jj2L2X0 ðX0Þ	0;
ðAy;yÞH ¼qðA1U;UÞJ 0;R þ jjU01þU02jj
2
H1X0
ðX0Þ	0;
so that
Rk	 0:
Consequently, the eigenvalues are located in the right
plane Rk	 0:
We are going to prove that Rk[ 0: We can have
Rk ¼ 0 (then k ¼ ic; c real number) if U ¼ 0: Then,
the Eqs. (30) and (31) become
A1=2TPCc0A10 f ¼ 0 ; A0f ¼ c2f : ð36Þ
Let us denote by x2j ; j ¼ 1; 2; . . . the eigenvalues of
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A0: If c 6¼ 
xj; the second equation of (36) gives f ¼
0; so that k ¼ ic cannot be eigenvalues of the problem.
If c ¼ 
xj; the second equation of (36) is verified by
f ¼ fj; eigenfunction corresponding to x2j : But fj
depends on the gas and A, T on the liquid, so that the
first equation of (36)
A1=2TPCc0A10 fj ¼ 0
is not satisfied, in general. AsRk[ 0;we have proved
the following:
Theorem 4 The system liquid–gas is stable in linear
approsimation. h
8 Existence of a sets of positive real eigenvalues
The Eq. (31) can be written as
IL2X0 ðX0Þ
þ k2A10
 
f ¼ k2T0cnA1=2U:
If jkj is sufficiently small, setting
mðkÞ ¼ IL2X0 ðX0Þ þ k
2A10 ;
it has an inverse mðkÞ1 that is self-adjoint and
holomorphic in the vicinity of k ¼ 0: Consequently,
we have
f ¼ k2mðkÞ1T0cnA1=2U:
Carrying out the Eq. (30), we obtain
L^ðkÞU ¼z}|{
def
k2A1  mkIJ 0;RðXÞ

þ ðq q0ð0ÞÞg
q
A1=2TcnA
1=2 þ k2A1=2TC0cnA1=2:
 q0ð0Þ
q
k4K mðkÞ1T0cnA1=2

U ¼ 0:
Obviously, L^ðkÞ is holomorphic in the vicinity of k ¼
0 and self-adjoint. Moreover
L^ð0Þ ¼ ðq q0ð0ÞÞg
q
A1=2TcnA
1=2;
L^ð0Þ is compact, and not negative, indeed
L^ð0ÞU;U
 
J 0;RðXÞ
¼ ðq q0ð0ÞÞg
q







cnA1=2U







2
~L2ðCÞ
	 0;
but it is equal to zero for U 2 Ker ðA1=2cnÞ:
Moreover, it results
L^0 ð0Þ ¼ mIJ 0;RðXÞ
and it is strongly negative.
Consequently, using a well-known theorem ([3], p.
74), we have the following:
Theorem 5 For each e[ 0 sufficiently small, there
exists in   e; e½ a set of positive real eigenvalues k0n
having zero as point of accumulation. The corre-
sponding eigenelementsU0n and an orthogonal basis of
KerðcnA1=2Þ form a Riesz basis in a subspace of
J 0;RðXÞ with finite defect. h
9 Reduction to a Krein–Langer pencil
The Eq. (35) can be written as
k2A k I 0 þ B
 
y ¼ 0; y 2 H;
where H is defined in (33). Setting k ¼ k0  k; k
positive and constant, we obtain
k
02Aþ k0 ðI 0 þ 2kAÞ þ ðk2Aþ kI0 þ BÞ
h i
y ¼ 0:
By direct calculations, we have
ðk2Aþ k I 0þBÞy;y
 
H 	 k l jjUjj2J 0;RðXÞ þ jjf jj2L2X0 ðX0Þ;
so that the operator
F ¼z}|{
def
k2Aþ k I0 þ B
is bounded, self-adjoint and strongly positive, then it
has an inverse. Putting
F 1=2y ¼ z^ 2 H;
we obtain the equation
k
02C0 þ k0B0 þ IH
 
z^ ¼ 0;
with
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C0 ¼F1=2AF1=2 and
B0 ¼F1=2ðI0 þ 2k AÞF1=2 :
We recognize that the operator C0 is self-adjoint,
compact like A and positive definite; indeed
ðC0z^; z^ÞH ¼ ðAy; yÞH 	 0;
and equal to zero only for y ¼ 0:
The operator B0 is self-adjoint and positive definite,
as
ðB0z^; z^ÞH ¼ l jjUjj2J 0;RðXÞ þ 2kðAy; yÞH;
but it is not compact.
Therefore, for each positive real k, the pencil
L0ðk0 Þ ¼ k02C0 þ k0B0 þ IH
is a Krein–Langer operator pencil.
The theoretical study of the operator pencil can be
found in the book ([8], pp. 295–309). For our problem,
we restrict ourselves to the following new result:
Theorem 6 Since B0 is self-adjoint, the nonreal
eigenvalues can have as point of accumulation only
the infinity. h
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